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Abstract
We extend the analysis of the Vafa N = 4 SUSY model of FQHE made in [4] and discuss
other observables which characterize the FQHE topological order. We consider in particular
the braiding properties of quasi-holes with generic charge. Any quasi-hole is associated
with an irreducible representation of SU(2) and the statistics of a bunch of d punctures
is described by the Knizhnik-Zamolodchikov connection specialized to the corresponding
representation. We also discuss the higher genus generalization of the Vafa model of FQHE
and the corresponding tt∗ geometry.
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1 Introduction
A system of interacting electrons moving on a 2d surface Σ and coupled to a strong magnetic
field B generates at very low temperature a class of peculiar quantum phases of matter
described by the fractional quantum Hall effect (FQHE) (see [2, 3] for a review). These
quantum phases are classified by a rational number ν ∈ Q>0, called filling fraction, which
measures the fraction of states in the lowest Landau level which are occupied by the electrons
ν =
Φ0N
Φ
≤ 1, Φ =
∫
Σ
B (magnetic flux), (1.1)
where Φ0 =
2πℏ
e
is the quantum of magnetic flux. In the rest of the paper we choose the
natural units ℏ = e = 1 so that Φ0 = 2π. These quantum phases of matter encode a new
kind of order, the topological order, which is not associated to any local order parameter,
but rather to global non-local observables [3]. Among the observables which capture the
topological order of the quantum Hall states, we have the statistics of the topological defects,
quasi-holes and quasi-particles, which may be inserted at given points {wk} in the surface Σ
where the electrons move.
It has been suggested by C.Vafa a remarkable connection between FQHE and extended
supersymmetry which may lead to new insights in the phenomenology of these phases of
matter [1]. This construction motivates a microscopic description of FQHE in terms of a
1
N = 4 supersymmetric Hamiltonian (see [11] and [10] for a recent review of SQM). Choosing
the plane as Riemann surface, we have a Landau-Ginzburg model with superpotential
W(z) =
N∑
i=1
(
n∑
a=1
log(zi − xa)−
M∑
ℓ=1
log(zi − ζℓ)
)
+
1
ν
∑
i<j
log(zi − zj), (1.2)
where zi, i = 1, ..., N are the electron coordinates and xa, ζℓ are respectively the positions
of quasi-holes and magnetic fluxes. The term log(z − xa) is the two dimensional Coulombic
potential which describes the interaction between an electron and a magnetic flux unit at xa,
while the term 1
ν
∑
i<j log(zi−zj) keeps track of the Coulomb repulsion between electrons. In
order to reproduce the macroscopic magnetic field one should consider a uniform distribution
of the flux sources ζℓ in C.
Varying the parameters inW we get the Berry’s connection D on the bundle of vacua which
satisfies a set of equations called tt∗ geometry [7]. One can define in terms of D the tt∗ Lax
connection
Dζ = D +
1
ζ
C, Dζ = D + ζC, (1.3)
where C,C denotes the action of chiral and antichiral operators on the vacua and ζ ∈ C×
is an arbitrary parameter. The tt∗ equations can be rephrased as flatness conditions for
Dζ ,Dζ . This connection admits flat sections Ψα which satisfy [8, 9]
DζΨα = DζΨα = 0. (1.4)
According to the Vafa’s program, the topological order of FQHE and in particular is
captured by the flat connection Dζ .
Some of the main predictions of [1] have been verified in [4]. It has been shown that the de-
generacy of the lowest Landau level of an electron coupled to a uniform magnetic field B can
be mapped to the degeneracy of vacua of a supersymmetric system with four supercharges.
Moreover, it is argued that any Hamiltonian describing the motion in a plane of many elec-
trons coupled to a strong magnetic field is described (at the level of topological order) by
the Vafa’s N = 4 Hamiltonian independently of the details of the other interactions. This
result implies that the LG model with superpotential 1.2 represents the correct universality
class of the many-electron theory. Solving the equations 1.4 for this model we find that the
tt∗ connection takes the form of a SU(2) Kohno connection up to a line bundle twisting [4]
D = d+ λ
∑
i<j
siℓs
j
ℓ
d(wi − wj)
wi − wj
+ ξ
∑
i<j
d log(wi − wj) (1.5)
where ξ = −λ/4. This connection acts on the space V n+M =
⊗
i Vi where Vi ≃ C
2, i =
1, ..., n +M . The operators siℓ, ℓ = 1, 2, 3 are the su(2) generators acting on the Vi factor,
namely
2
siℓ = 1⊗ ....⊗ 1⊗
1
2
σℓ ⊗ 1⊗ ....⊗ 1, (1.6)
where σℓ are the Pauli matrices. The monodromy representation of the flat connection
above is unitary and corresponds to an Hecke algebra representation of the braid group Bn+M
which factorizes through the Temperley-Lieb algebra An+M(q) with [22]
q = exp(πiλ). (1.7)
One can restrict to the monodromy representation of Bn and find the statistics of the
quasi-holes. It turns out that the parameter λ is related to the filling fraction ν by
q2 = e2πi/ν , (1.8)
which gives the two possibilities q = ±eiπ/ν . It is believed that 3d topological Chern-
Simons theories are effective description of FQHE states [2,3]. Since the braiding of conformal
blocks in 2dWZW models is the same of the Wilson lines in non-Abelian Chern-Simons the-
ories, it is natural to require the tt∗ connection to be a Knizhnik-Zamolodchikov connection
for SU(2) current algebra with level k quantized in integral units, namely
λ = ±
2
κ + 2
, κ ∈ Z. (1.9)
This condition leads to determine the values of the filling fraction which are consistent
with tt∗ geometry. In the case of q = eiπ/ν we get
ν =
b
2b± 1
, b =
κ + 2
2
≥ 1, κ even, ν =
b
2(b± 1)
, b = κ+ 2 ≥ 3, κ odd, (1.10)
where the first one corresponds to the principal series of FQHE. The element σ2i of the
pure braid group for the principal series has two distinct eigenvalues, in correspondence
with the two different fusion channels of the degenerate field φ1,2 in the minimal (2b, 2b± 1)
Virasoro model (see [4]). This result confirms one of the main prediction of [1], namely
the quasi-holes have the same non-Abelian braiding properties of φ1,2 in minimal models.
The less natural solution q = −eiπ/ν gives other two series of filling fractions. These are
respectively
ν =
m
m+ 2
, m = κ+ 2 ≥ 2, ν =
m
3m− 2
, m = κ+ 2 ≥ 2, (1.11)
where the first series contains the values of ν corresponding to the Moore-Read [5] and
Read-Rezayi models [6]. In general there can be overlaps between the series of filling fractions
and a certain ν may appear more than once.
In this paper we want to extend the analysis of [4] and discuss other observables which
characterize the topological order of FQHE. The SU(2) Chern-Simons theory has a spectrum
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of Wilson lines labelled by irreducible representations of SU(2). On the FQHE side, the
Wilson lines represent the quasi-holes excitations of a given quantum Hall state, where the
filling fraction ν is related to the Chern-Simons level κ according to the above formulas. In
the first part of the paper we discuss the tt∗ solution of the Vafa Hamiltonian for the non-
minimal quasi-holes of FQHE. The vacuum bundle of the N -particle LG model VN contains
a family of subbundles Vk1,...,kdN which are preserved by the parallel transport with the tt
∗
connection. The corresponding fibers V k1,...,kdN are subspaces of
V k1 ⊗ ......⊗ V kd (1.12)
where the factor V ki in the tensor product space denotes the SU(2) irreducible represen-
tation with spin ki/2. The Hilbert space V
k1,...,kd
N corresponds to the anyonic fusion space for
the set of quasi-holes with spins k1/2, ..., kd/2, where the minimal quasi-hole is associated to
the spin 1/2 representation. Each subbundle Vk1,...,kdN is endowed with the SU(2) Knizhnik-
Zamolodchikov connection specialized to the corresponding representation.
In the second part of the paper we discuss the FQHE on a generic Riemann surface. An
interesting topological invariant which captures the quantum order of FQHE (and topologi-
cal phases in general) is the degeneracy of the ground state. This must depend only on the
filling fraction ν labelling the quantum Hall states and the genus g of the Riemann surface
on which the electrons are confined. By consistency with the 3d topological field theory,
the ground state degeneracy should be the same of the SU(2) Chern-Simons theory on a
g-Riemann surface at the level κ corresponding to ν. This is computed by the well known
Verlinde formula [12]
degg,κ =
(
κ + 2
2
)g−1 κ∑
n=0
(
sin
(n+ 1)π
κ+ 2
)2(1−g)
, g ≥ 1. (1.13)
It is straightforward to generalize the construction of the Vafa Hamiltonian on higher
genus Riemann surfaces and guess the corresponding tt∗ solution. This should correspond
to the higher genus generalization of the Knizhnik-Zamolodchikov connection, also called
Knizhnik-Zamolodchikov-Bernard connection [13–15], which is known to provide the mon-
odromy representation of conformal blocks in 2d WZW models.
2 Non-Minimal Quasi-Holes
2.1 The Landau-Ginzburg Model
We consider N electrons moving on the plane C. We denote with zi, i = 1, ..., N and
xa, a = 1, ..., n the positions of electrons and quasi-holes respectively, and with ζℓ, ℓ = 1, ...,M
the positions of the magnetic fluxes. We take the d = M + n points ζℓ, xa all distinct. The
superpotential of the LG model is
4
W(zi) =
N∑
i=1
W (zi) + β
∑
i<j
log(zi − zj)
2,
W (z) = µz +WVafa(z), WVafa(z) =
n∑
a=1
ka log(z − xa)−
M∑
ℓ=1
kℓ log(z − ζℓ).
(2.1)
As explained in [4], it is convenient to introduce the coupling µ to make the problem
better behaved. In particular, this modification of the Vafa superpotential ensures the nor-
malizability of the vacuum wave functions and the existence of an energy gap between the
ground state and the first excited level of the Hamiltonian. From the point of view 2d elec-
trostatic, the coupling µ plays the role of background electrostatic field. As long as it is non
zero, it can be fixed to the value that we prefer, since the tt∗ monodromy is indipendent from
the parameters. The residues of W at its poles are fixed by physical considerations. The
real part of WVafa(z) has the interpretation of electrostatic potential of a system of point-
like charges. The punctures in ζℓ form a regular distribution to reproduce the macroscopic
magnetic field and carry kℓ ∈ N units of magnetic flux. The mignus sign in front of the
logarithmic interaction is related to the choice of the orientation. The quasi-holes in xa are
just magnetic fluxes with opposite sign and size ka ∈ N. The superpotential 1.2 describes
minimal quasi-holes and magnetic fluxes which carry ±1 flux respectively. The remaining
residue is the the size of the Coulomb repulsion β. Working in a periodic box, this coupling is
frozen to the rational number 1/2ν (see [4] and section 3). Despite the above considerations,
since the monodromy representation is independent of the couplings and the model is well
defined for any value of the residues, we are free to deform them away from their physical
values according to convenience. The non-frozen couplings are the xa and the ζℓ. These form
a set of d distinct points in C in which are identified modulo permutations the ones with
equal charge. In the most general case, the manifold of essential couplings is the space of d
ordered points
Cd =
{
w1, ...., wd ∈ C
d | wi 6= wj for i 6= j
}
, (2.2)
where wi = xa, ζℓ. The fundamental group Pd = π1(Cd) is called the pure braid group of
d strings.
The fundamental degrees of freedom of the Vafa model are not the fields zi, but the symmetric
polynomials
ek =
∑
1≤i1<....<ik≤N
zi1 ....zik . (2.3)
Indeed the superpotential is manifestly invariant under SN permutations of the zi and
can be rewritten in these coordinates. The target manifold of the theory is the configuration
space of N identical particles on C \ {xa, ζℓ}, i.e.
5
Xd,N =
{
(z1, ..., zN) ∈ (C \ {xa, ζℓ})
N
∣∣zi 6= zj , for i 6= j}/SN . (2.4)
The classical vacua of the theory are the solutions to the equations ∂ekW(ej) = 0. It
is known that for generic values of the couplings the zeores of dW are isolated and non-
degenerate with multiplicity [4, 9]
rd,N =
(
N + d− 1
N
)
. (2.5)
The Hilbert space H of the model is the space of differential forms ψ on the target
manifold Xd,N with L
2-coefficients [11]. The Lagrangian of the theory is invariant under a
supercharge Q which acts on forms as
Qψ = ∂ψ + dW ∧ ψ. (2.6)
The operator Q is nilpotent, i.e. Q
2
= 0, and commutes with multiplication by holomor-
phic functions. The vacuum vector space
V :=
{
ψ ∈ H : Qψ = Q
†
ψ = 0
}
⊂ H (2.7)
is isomorphic to the cohomology of Q inH. Since the classical vacua are isolated, the vacuum
space V consists of primitive forms of degree N = dim Xd,N (see theorem in [11]). Moreover,
the dimension of the ground state of the quantum system is equal to the number of classical
vacua counted with multiplicity, namely rd,N = dim V , and coincides with the Witten index
of the SQM model. This number is invariant under continuous deformations of the couplings
such that |dW|2 remains bounded away from zero outside a large compact set C ⊂ Xd,N .
2.2 Generalites of the tt∗ Monodromy Representation
Let ζ ∈ P1 and consider the smooth function
F (zi, zi; ζ) = Re
(
W(zi)/ζ +W(zi)ζ
)
. (2.8)
Morse cobordism implies the isomorphism [16]
V ∼= H∗(Xd,N , X
Λ,ζ
d,N ;C), (2.9)
where H∗(Xd,N , X
Λ,ζ
d,N ;C) denotes the relative cohomology with complex coefficients, and
XΛ,ζd,N :=
{
zi ∈ Xd,N : F (zi, z¯i; ζ) > Λ
}
⊂ Xd,N (2.10)
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for some sufficiently large constant Λ. Since the vacuum space is spanned by N -forms,
the space H∗(Xd,N , X
Λ,ζ
d,N ;Z) is non-zero only in degree N . The dual relative homology
H∗(Xd,N , X
Λ,ζ
d,N ;C) is called the space of branes because in 2d the corresponding objects have
the physical interpretation of half-BPS branes [16]; the twistor parameter ζ specifies which
linear combinations of the original 4 supercharges are preserved by the brane. The space of
branes has an integral structure given by homology with integral coefficients
V ∼= H∗(Xd,N , X
Λ,ζ
d,N ;Z)⊗Z C. (2.11)
An integral basis of H∗(Xd,N , X
Λ,ζ
d,N ;Z) is given by special Lagrangian submanifolds of Xd,N
and, more specifically, by Lefshetz timbles describing the gradient flow of F (zi, zi; ζ) for
generic ζ [16]. Denoting with Bα,ζ , (α = 1, . . . , rd,N) such an integral basis and with ψj
(j = 1, . . . , rd,N) a basis of V , we may form the non-degenerate rd,N × rd,N matrix
Ψ(ζ)jα = 〈ψj |Bα,ζ〉 =
∫
Bα,ζ
e−W/ζ+Wζ ψj (2.12)
called the brane amplitudes.
Over the space of couplings Cd we can construct the vacuum vector bundle
V → Cd (2.13)
namely the subbundle of the trivial Hilbert bundle H × Cd whose fiber is the vacuum
space V . The vacuum Berry connection, induced on the bundle of vacua by the trivial
connection of the Hilbert bundle, is metric with respect to the tt∗ hermitian scalar product
gij¯ =
∫
Xd,N
ψi ∧ ∗ψj (2.14)
and preserves the holomorphic structure of the vacuum bundle. There is a unique such
connection, namely the Chern connection of g, whose (1, 0) and (0, 1) parts in an holomorphic
frame of V are [7]
D = ∂ + g∂g−1, D = ∂. (2.15)
We can further define a family of flat connections parametrized by ζ , the tt∗ Lax connec-
tion [8]
Dζ = D + ζ
−1C,
Dζ = ∂¯ + ζC,
(2.16)
where C is a (1, 0) form describing the action of the chiral operators on the vacua and
7
C is the hermitian conjugate with repsect to the metric g. The tt∗ equations prescribe the
curvature of the Berry connection and can be rephrased as the flatness conditions for the
Lax connection, i.e. [7, 8]
(Dζ)
2 = (Dζ)
2 = DζDζ +DζDζ = 0. (2.17)
The columns of the rd,N × rd,N matrix 2.12 form a basis of sections of the vacuum bundle
satisfying the system of linear equations
DζΨα(ζ) = DζΨα(ζ) = 0, (2.18)
also known as Lax equations. Taking the analytic continuation of the solutions along a
non trivial loop γ in the space of couplings Cd we obtain the monodromy ρ(γ) defined by
Ψ(wi, ζ)→ Ψ(wi, ζ)ρ(γ). (2.19)
Since the branes are representatives of integral homology classes, for each ζ ∈ P1 they
define a local system on Cd canonically equipped with a flat connection, the Gauss-Manin
one. Dually, the brane amplitudes define the P1-family of tt∗ Lax connections. The natural
identification of the two connections implies that the tt∗ monodromy representation ρ may
be conjugated such that
ρ : π1(Cd)→ SL(rd,N ,Z). (2.20)
Since the entries of the matrix ρ(γ) and its inverse are integers, they are locally indipen-
dent from the couplings and the spectral parameter ζ .
The main problem is to compute the monodromy representation of the tt∗ Lax connection.
This provides the boundary condition to solve the tt∗ equations. Following [4], it is natural
to consider the limit in which we rescale the superpotential
W → RW (2.21)
and send R → 0 while the spectral parameter ζ remains fixed. In the two dimensional
N = (2, 2) version of the model the parameter R plays the role of RG scale and the limit
R → 0 corresponds to the UV limit of the theory. In this limit the Lax connection reduces
to the Berry connection
Dζ +Dζ
R→0, ζ fixed
−−−−−−−→ D +D. (2.22)
In particular, the Lax connection is indipendent from the spectral parameter ζ in the UV
limit. The Lax connection is the one that captures the topological order of FQHE, while the
Berry connection is the one that provides the unitary time evolution of the quantum system.
Hence, the UV limit in which the two coincide turns out to be the suitable one to FQHE.
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2.3 θ-vacua and filling fraction
We note that the superpotential of the Vafa model is a multivalued function. This is not an
issue, since the Hamiltonian contains only the first and second derivatives of W, which are
well defined meromorphic functions on Xd,N . The 1-form dW is closed but not exact, since
the target manifold of the theory is not simply connected. The fundamental group is
π1(Xd,N) = B(N, S0,d+1), (2.23)
where B(N, Sg,d+1) is the braid group of N strings on the surface Sg,d+1 of genus g with
d+ 1 punctures. The group B(N, S0,d+1) has the convenient presentation [27]
generators : σ1, σ2, ..., σN−1, z1, z2, ..., zd
relations :


σiσi+1σi = σi+1σiσi+1, σiσj = σjσi for|i− j| ≥ 2,
zjσi = σizj for i 6= 1, σ
−1
1 zjσ
−1
1 zj = zjσ
−1
1 zjσ
−1
1 ,
σ−11 zjσ
−1
1 zl = zlσ
−1
1 zjσ
−1
1 for j < l.
(2.24)
The σi generate a subgroup of B(N, S0,d+1) which is isomorphic to the Artin Braid group
BN . The abelianized Galois group B(N, S0,d+1)Ab ≃ Zd+1 is the homology group of the target
space generated by σ, z1, ..., zd. The dual cohomology group H
1(Xd,N ,Z) has the generators
1
2πi
d log
∏
i<j
(zi − zj)
2,
1
2πi
d log
∏
i,a
(zi − xa),
1
2πi
d log
∏
i,ℓ
(zi − ζℓ). (2.25)
To keep track of the non trivial topology of the target space we may pull-back the Landau-
Ginzburg model on the abelian universal cover Ad,N [4]. Being a symmetry of the model
on Ad,N , the vacuum space decomposes in a direct sum of unitary representations of the
homology group
VA =
⊕
χ∈Hom(H1(Xd,N ,Z),U(1))
Vχ, dim Vχ = rd,N . (2.26)
Identifying H1(Xd,N ;Z) with Z
d+1, the representations Vχ are in correspondence with the
characters
χθ,φa,ϕα : ~n→ e
inθ+i
∑
a naφa+i
∑
ℓ nℓϕℓ (2.27)
labelled by the set of angles θ, φa, ϕℓ ∈ [0, 2π]. The model on Ad,N has its own BPS
branes which pair with the vacua of the ground state and form a basis of sections for the
vacuum bundle VA of the covering model. Let q = eiθ, qa = eiφa , qℓ = eiϕℓ . The isomorphism
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VA ∼= H∗(Ad,N ,A
Λ,ζ
d,N ,Z)⊗Z C (2.28)
provides the ground state with the structure of a free Z
[
{q±1} , {q±1a } ,
{
q±1ℓ
}]
-module of
rank rd,N [4].
In the physical FQHE the punctures ζℓ reproduce the macroscopic magnetic field B and
carry an integral number of magnetic flux units. On the other hand, the quasi-holes are just
magnetic fluxes with opposite charge. Hence, interpreting the angles φa, ϕℓ as Aharonov-
Bohm phases, we set
φa = 0 mod 2π, ϕℓ = 0 mod 2π. (2.29)
It follows that the model describing the physical FQHE should be defined on the abelian
subcover corresponding to the unique non trivial angle θ. Following the discussion in [4], in
order to have normalizable states we should ask θ to be a rational multiple of 2π
θ = π
(
1 +
a
b
)
, a ∈ Z, b ∈ N,
∣∣ gcd(a, b) = 1 and − b ≤ a ≤ b. (2.30)
Switching on a non-zero θ corresponds to insert in the BPS brane amplitudes 2.12 the
chiral field [4]
∏
i<j
(zi − zj)
θ/π. (2.31)
Keeping into account the Jacobian arising from the change of variable {zi} 7→ {ek}, the
vacuum wave-functions in terms of the zi’s contain the factor
∏
i<j
(zi − zj)
1+θ/π, 0 ≤ θ ≤ 2π. (2.32)
The comparison with the Laughlin wave-functions [2, 3] leads to the identification
1
ν
= 1 +
θ
π
= 2±
a
b
(2.33)
which gives 1 ≤ 1/ν ≤ 3. The interpretation of 1/ν as θ-angle appears naturally in
the context of the supersymmetric description of FQHE and reflects the connection between
topological order and the non-local entanglement of the electrons. The UV Berry connection
perserves the θ-sectors of the vacuum space and defines a group homomorphism
ρθ : π1(Cd)→ GL(rd,N ,Z
[{
q±1
}]
). (2.34)
In other words, the entries of the monodromy matrices are Laurent polynomials in the
variable q with integer coefficients.
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2.4 Subbundle Decomposition
We observe that the multiplicity of vacua rd,N corresponds to the Bose statistics. The
interpretations of this result is clear in the limit of β → 0: in a classical vacuum configuration
ofW the zi are close to the vacua of the single particle model W (z) and several of them may
take different values around the same one-field vacuum. Since these values differ by orders
O(β), in the β → 0 limit the vacuum configurations are simply labelled by a set of positive
integers (n1, ...., nd) which denote how many particles we put in the vacua of the single field
model.
It turns out that the vacuum bundle of the N -particle LG model decomposes in subbundles
which are preserved by parallel transport with the tt∗ flat connection. This decomposition
has been studied by Gaiotto and Witten in [17] from the homological point of view. Following
their argument, since the monodromy representation is independent of µ as long as it is non-
zero, we can take it very large while keeping β finite. This is also the resonable regime of
FQHE. Up to O(1/µ) corrections, in a vacuum configuration {zi}i=1,...,N which solves the
equations
∑
ℓ
kℓ
zi − ζℓ
−
∑
a
ka
zi − xa
= µ+
∑
j 6=i
2β
zi − zj
(2.35)
the zi are approximately equal to one of the punctures xa, ζℓ and the product of N one
particle Lefschetz thimbles is approximatively a brane for the full interacting model. Despite
the actual brane differs from the product of one-particle ones by some O(1/µ) correction,
they belong to the same homology class and this is enough for monodromy considerations.
This provides a recipe to construct a basis for the space of branes of the LG model. Let
{w1, ..., wd} = {x1, ...., xn, ζ1, ..., ζM} , (2.36)
where d =M + n, and denote with Bi1,...,iN = Bi1 × .....×BiN a brane of the N particle
model as product of single particle branes. In the limit of large µ, the cycle Bi associated
to the vacuum configuration wi + O(1/µ) is approximately a straight line on the complex
plane starting at wi. We consider the N -particle Lefschetz thimbles in which there are at
most ki ∈ N one particle cycles starting at wi. The integers ki must satisfy 1 ≤ ki ≤ N
and N ≤
∑
i ki. The subspaces B
k1,...,kd
N of the relative homology spanned by these branes
are left invariant by arbitrary braidings of the punctures wi [17]. Given the identification
between the tt∗ flat connection and the Gauss-Manin connection of the local system of
BPS branes, one concludes that the vacuum bundle of the LG model contains a collection
of invariant subbundles Vk1,...,kdN whose fibers V
k1,...,kd
N , dual to B
k1,...,kd
N , define a family of
subrepresentations of the tt∗ monodromy. The rank of the subbundle Vk1,...,kdN is defined by
the (k1, ..., kd)-statistics
11
rank Vk1,...,kdN = #(n1, ..., nd)
∣∣∣∣ 0 6 ni 6 ki and
d∑
i=1
ni = N, (2.37)
where in the vacuum configuration (n1, ..., nd) we dispose ni electrons in the single particle
vacuum zi = wi + O(1/µ). The minimal quasi-holes and fluxes cannot host more than one
particle and the dimension of the corresponding Hilbert space reduces to the Fermi statistics
rank V1,...,1N =
(
d
N
)
. (2.38)
On the other hand, the subspace VN,...,NN corresponds to the full Hilbert space and the
dimension is equal to the Bose counting rd,N . The maximum number of particles that we
can place in the single particle vacua with (k1, ..., kd)-statistics is
K =
d∑
i=1
ki. (2.39)
Since a small number n≪ M of topological defects carry a magnetic flux with opposite
sign, we have a small mismatch between K and the effective magnetic flux measured by the
fall off of the wave function at infinity. In the physical FQHE the number of electrons should
satisfy N = νK for a given quantum Hall state with filling fraction ν ≤ 1. However, since
our considerations apply to any number of particles, we can keep N generic in our analysis.
2.5 Conformal Blocks Bundle
In a given FQHE topological phase, from the dynamics of the microscopic degrees of freedom
there emerges at low-energy an effective 2d QFT Q for the non-local quasi-hole operators
Σ(w). The topological order of the phase is captured by the braiding properties of their
multi-point correlators
〈Σ(w1)Σ(w2) · · · Σ(wd)〉Q (2.40)
as we transport the Σ(w)’s around each other in closed loops. In connecting the tt∗
monodromy of the Vafa model with the braid representations of Q-correlators, the brane
amplitudes are expressed as ratios of d-point functions [4]. In the UV limit of the Q theory,
which coincides with the physical UV limit of the 2d LG model, the multivalued correlation
functions become sums of products of left/right conformal blocks. It follows that the tt∗ flat
sections become in the UV limit some combinations of conformal blocks and the equations
that they satisfy, the Lax equations, are related in a simple way to the isomonodromic
PDEs for the Q-blocks. Both sets of equations define flat connections and monodromy
representations. The precise dictionary between the two is provided in section 2.6.
The geometry of conformal blocks for the minimal quasi-hole operators has been studied
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in [4]. For a given puncture at position wj ∈ C one introduces the two-component operator
Σj,α(wj) =
(
σj(wj)
µj(wj)
)
. (2.41)
A local basis of sections for the subbundle V1,...,1N is given by the Q-amplitudes
〈Σ1,α(w1) · · · Σd,α(wd)〉 ∈ V
⊗d (2.42)
where V ≃ C2 is the fundamental representation of SU(2). The operators µj , σj have
the same local behaviour of the Ising order and disorder operators, but globally they have in
general different braiding properties. The minimal quasi-hole can host at most one particle
and is associated with a spin 1/2 degree of freedom. If a spin up/down operator σj/µj is
inserted in the position wj, the corresponding state is filled/empty. This construction may
be generalized to the case of non-minimal quasi-holes. The spectrum of the Q-theory should
contain generalized quasi-hole operators
Σ
kj
j,mj
(wj) =


σ
kj
j,kj/2
(wj)
σ
kj
j,(kj−1)/2
(wj)
·
·
·
σ
kj
j,−kj/2
(wj)


, −kj/2 ≤ mj ≤ kj/2, mj ∈
1
2
Z. (2.43)
Analogously to the minimal case, a basis of sections for the subbundle Vk1,...,kdN is provided
by the Q-conformal blocks
〈Σk11,m1(w1) · · · Σ
kd
d,md
(wd)〉 ∈ V
k1 ⊗ · · · ⊗ V kd (2.44)
where V kj ≃ Ckj+1, j = 1, ..., d denotes the spin kj/2 representation of SU(2). In other
words, a non-minimal quasi-hole with charge kj carries a spin kj/2 degree of freedom and the
insertion in the correlator of the operator σ
kj
j,mj
at position wj corresponds to place mj+kj/2
electrons in the corresponding single particle vacuum.
Proceeding as in [4], one may associate to a set of d topological defects with charges k1, ..., kd
the Gran bundle
Vk1,...,kd =
K⊕
N=0
Vk1,...,kdN , K =
d∑
i=1
ki, (2.45)
whose fiber is spanned by the Q-amplitudes 2.44 and is modelled on the tensor product
space
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V k1,...,kd = V k1 ⊗ · · · ⊗ V kd, dim V k1,...,kd =
d∏
j=1
(kj + 1). (2.46)
Let sjℓ , ℓ = 1, 2, 3, be the generators of su(2) in the kj/2 representation and
Lℓ =
d∑
j=1
1⊗ · · · ⊗ 1⊗ sjℓ ⊗ 1⊗ · · · ⊗ 1 (2.47)
the ℓ-component of the total angular momentum. The occupation number Nˆj of the j-th
vacuum and the total particle number Nˆ are related to the su(2) generators by
Nˆj = s
j
3 + kj/2, Nˆ = L3 +K/2. (2.48)
The tt∗ geometry of the Gran bundles Vk1,...,kd is fully determined by the action of the
pure braid group Pd on the quasi-hole operators Σ
kj
j,mj
(wj). The conformal blocks 2.44 are
holomorphic multivalued functions on Cd which undergo analytic continuation as we move
the position of a quasi-hole insertion around another one. The typical monodromy action
on conformal blocks of a 2d CFT is a specialization of the universal Kohno monodromy
(see [22–24,28]). For each d > 2 we introduce the Kohno-Drinfield Lie algebra td as the Lie
algebra generated by the operators Bij = Bji, i, j = 1, ..., d, which satisfy the relations [20]
[Bik, Bij +Bjk] = 0, (i, j, k distinct),
[Bij, Bkℓ] = 0, (i, j, k, ℓ distinct),
(2.49)
also known as infinitesimal pure braid relations. A Kohno connection is a meromorphic
flat connection D = d+A on the configuration space Cd with values in td. It is given by the
formula
D = d+
∑
i<j
Bij
wi − wj
d(wi − wj). (2.50)
One can show that a connection of this form is flat [20], i.e. D2 = 0, if and only if the
operators Bij satisfy the relations 2.49.
The UV Berry connection acting on the Q-conformal blocks should take the form a Kohno
connection. By an homomorphism of Lie algebras
Υd : td → End
(
V k1 ⊗ · · · ⊗ V kd
)
(2.51)
the braid generators Bij are represented by constant matrices acting on V
k1 ⊗ · · · ⊗ V kd.
Each Gran bundle Vk1,...,kd is therefore equipped with the UV Berry connection specialized
to the corresponding representation. By parallel transport with D, the vector spaces V k1,...,kd
gain the structure of monodromy representations of the pure braid group Pd. The matrices
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Bij have been computed in [4] for the case in which all the punctures are in the fundamental
representation of su(2). The generalization of D to arbitrary (k1, ..., kd)-representations is
straightforward. We introduce the su(2)⊗2 operator Ω =
∑3
ℓ=1 sℓ ⊗ sℓ and denote with
Ωij =
3∑
ℓ=1
1⊗ · · · ⊗ 1⊗ siℓ ⊗ 1⊗ · · · ⊗ 1⊗ s
j
ℓ ⊗ 1⊗ · · · ⊗ 1 (2.52)
the action of Ω on the i-th and j-th factor of V k1 ⊗ · · · ⊗ V kd. The explicit form of the
map 2.51 is given by
Υd : Bij → λ(θ) Ωij . (2.53)
The general solution of the tt∗ equations is therefore the su(2) Knizhnik-Zamolodchikov
connection
D = d+ λ(θ)
∑
i<j
Ωij
wi − wj
d(wi − wj). (2.54)
One can check that the operators Ωij ∈ End(V k1⊗·· ·⊗V kd) satisfy the infinitesimal pure
braid relations 2.49, ensuring the integrability of the connection [20]. The parameter λ(θ)
is generically a complex number. In the present case the generators of the Kohno-Drinfield
Lie algebra should be hermitian in order to have a unitary representation. Hence, we should
have λ(θ) ∈ R. One can encompass all the UV tt∗ linear problems of the subbundles Vk1,...,kdN
in a unique differential equation
DΨ = 0, Ψ ∈ Γ
(
Cd,V
k1,...,kd
)
(2.55)
where Γ
(
Cd,Vk1,...,kd
)
is the space of sections of the (k1, ..., kd)-Gran bundle. The above
equation is known as the Knizhnik-Zamolodchikov equation and was first introduced in
[21] as the isomonodromic PDE satisfied by the d-point correlators of the WZW conformal
field theory. The holonomy of the KZ connection defines a one parameter family of linear
representations ρλ of the pure braid group Pd = π1(Cd) of d ordered distinct points
ρλ : Pd → End
(
V k1 ⊗ · · · ⊗ V kd
)
. (2.56)
In the case in which the punctures are all equal, namely V k1 = · · · = V kd = V , the KZ
connection is invariant under the action of the symmetric group Sd and descends naturally
on the configuration space of d unordered points Yd = Cd/Sd. Thus, we have a one parameter
family of linear representations of the Artin braid group Bd = π1(Yd) of d strings
ρλ : Bd → End
(
V ⊗d
)
. (2.57)
In the case in which V is the fundamental representation of SU(2), ρλ is a Hecke algebra
representation of the braid group Bd which factors through the Temperley-Lieb algebra Ad(q)
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with q = eiπλ [22, 23].
The parameter λ has been extimated in [4] with consistency arguments and turns out to be
the following piecewise linear function of the θ angle
λ =
θ
π
mod 1 =
1
ν
mod 1, (2.58)
where we have used the relation 2.33. If we want our N = 4 theory to admit an effective
IR description in terms of a unitary 3d topological field theory, it is natural to consider the
subset of solutions
λ = ±
2
κ+ 2
mod 2, κ ∈ Z. (2.59)
In other words, we ask the UV Berry connection of the conformal blocks bundle to be
a KZ connection for the SU(2) current algebra of the WZW model with quantized level
κ. This is known to be the theory of edge modes of the SU(2) Chern-Simons theory with
boundary. Comparing the above equations one finds the allowed values of the filling fraction
given in 1.10 and 1.11.
2.6 The Preferred Ground state
The KZ connection describes the non-abelian braiding properties of the quasi-holes operators
Σ
kj
j,mj
(wj). The representation of the pure braid group of d strings provided by the holonomy
of the connection is highly reducible. The subbundles Vk1,...,kdN are eigenbundles of L3 with
eigenvalues
m = N −K/2 (2.60)
and by construction must be preserved by parallel transport with the tt∗ connection.
Consistently, the operators Ωij commute with L3 = Nˆ − K/2 and the eigensubbundles
Vk1,...,kdN are preserved by parallel transport with D. We note that, since we must have
1 ≤ kj ≤ N for the N electron sector, the eigenbundles with particle number N smaller than
some of the kj do not correspond to any Vafa LG model. However, since they are invariant
subbundles and their states do not mix with the physical states, we can include them in the
sum 2.45 without any harm.
The monodromy representation is further reducible, since also the operator L2 =
∑
ℓ LℓLℓ
is preserved by parallel transport. Thus, the KZ connection preserves all the eigenbundles
Vk1,...,kdl,m of given total angular momentum
ψ ∈ Vk1,...,kdl,m ⇐⇒ (L
2 − l(l + 1))ψ = (L3 −m)ψ = 0,
m = −l,−l + 1, ....., l − 1, l l ∈
1
2
N.
(2.61)
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Moreover, since the monodromy representation centralizes with respect to L2, we have
Vk1,...,kdl,m ≃ V
k1,...,kd
l,m′ , for − l ≤ m,m
′ ≤ l. (2.62)
The rank of the eigenbundle Vk1,...,kdl,m counts how many times the SU(2) representation
with spin l satisfying
|m| ≤ l ≤ K/2 (2.63)
appears in the decomposition of V k1 ⊗ · · · ⊗ V kd. In particular, the representation
with highest angular momentum appears once in the tensor product, implying that each N -
particle subbundle contains an eigenbundle Vk1,...,kdK/2, N−K/2 of rank 1, i.e. spanned by a unique
monodromy invariant vacuum. This preferred state is identified in [4] with the topological
vacuum of FQHE. By the 2.62 we get
Vk1,...,kdK/2, N−K/2 ≃ V
k1,...,kd
K/2,K/2, (2.64)
where Vk1,...,kdK/2,K/2 is the subbundle describing the ν = 1 phase. We also observe that, since
m and −m appear with the same multiplicity in the decomposition of V k1 ⊗ · · · ⊗ V kd, we
should have
Vk1,...,kdN ≃ V
k1,...,kd
K−N . (2.65)
So far we have discussed the braid representation of Q-conformal blocks. It is argued
in [4] that the natural connection on the tt∗ vacuum bundle differs from the connection D
acting on the Q-conformal blocks by a line bundle twisting. In particular, the horizontal
sections of the KZ connection differ from the actual tt∗ brane amplitudes by a normalization
factor given by some multivalued holomorphic function on Cd. In the case of minimal quasi-
hole operators the normalization factor is given by the correlator 〈τ1(w1) · · · τd(wd)〉, which
is a section of the line bundle V1,...,1d/2,−d/2. In the general case we can obtain the tt
∗ connection
acting on the vacua of the LG model by replacing the KZ connection with
D = d+ λ
∑
i<j
Ωij
wi − wj
d(wi − wj) +
∑
i<j
ξijd log(wi − wj) (2.66)
for some constants ξij. Following the argument of [4], these parameters should be deter-
mined such that the topological vacuum of FQHE has trivial monodromy for any N -particle
sector. This condition fixes ξij in terms of λ as
ξij = −kikj
λ
4
. (2.67)
In other words, the normalized brane amplitudes Ψtt∗ are related to the KZ ones Ψ by
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Ψtt∗ =
Ψ
Ψpriv
, (2.68)
where Ψpriv is a parallel section of the line bundle V
k1,...,kd
K/2,K/2. We note that the normalized
monodromy is trivial in the N = K sector, consistently with the fact the ν = 1 phase has
trivial topological order.
3 FQHE on Riemann Surfaces
In this section we briefly discuss the higher genus generalization of the Vafa model of FQHE
and the corresponding tt∗ geometry.
3.1 Lowest Landau Level on Riemann Surfaces
The Hamiltonian describing the dynamics of a bunch of N electrons in a constant uniform
magnetic field B on a generic Riemann surface may be written as sum of two pieces
H = HB +Hint, (3.1)
where HB describes the interaction between the electrons and the magnetic field B, while
Hint contains all the other possible interactions, with the crucial property that it is O(1) as
B → ∞ (see [2, 3]). We denote with HΦ ⊂ H the subspace of the Hilbert space containing
states whose energy is bounded in the limit of strong magnetic field B. Denoting with Φ > 0
the magnetic flux of B through the Riemann surface, the dimension of HΦ is given by
dim HΦ =
(
Φ/2π
N
)
(3.2)
where we assume
N = ν
Φ
2π
, 0 < ν ≤ 1, ν ∈ Q. (3.3)
The orthogonal complement in the full Hilbert space is separated fromHΦ by a largeO(B)
energy gap. Moreover, in HΦ the electrons are polarized and the spin degrees of freedom
are frozen. Thus, if we are interested in an effective description at energies ≪ B1, we are
reduced to a quantum system with finite dimensional Hilbert space HΦ and Hamiltonian
Heff = PΦHPΦ, (3.4)
where PΦ is the projector on HΦ.
Since the Landau levels are all isomorphic to each other, we may assume without loss of
1We set the mass of the electron me to 1.
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generality that the electrons fill a fraction of the lowest Landau level (see [2]). Following [4],
one can describe the lowest Landau level of a single electron on a Riemann surface Σ of
arbitrary genus g using the language of algebraic geometry. We consider a complex line
bundle L → Σ with first Chern class c1(L) = Φ/2π. The complex structure of the Riemann
surface is irrelevant in the discussion and we can choose it according to convenience. A state
of the system is represented by a smooth section ψ : Σ → L of the line bundle. Every
complex line bundle over a one dimensional complex manifold is holomorphic and so admits
holomorphic trivializations. The line bundle is endowed with an hermitian metric h and the
inner product on the Hilbert space is defined as
〈ψ1|ψ2〉 =
∫
Σ
dzdz¯h ψ∗1ψ2. (3.5)
The lowest Landau level is defined as the kernel of the Laplacian
∇ = −DzDz¯ (3.6)
where D is the U(1) Chern connection associated to h (see [3, 10]). In an holomorphic
trivialization one has
Dz = −h∂zh
−1, Dz¯ = ∂z¯ . (3.7)
The magnetic field is the curvature of the connection, which is a closed and real (1, 1)
form
Fh = ∂¯∂ log h, (3.8)
where ∂, ∂¯ are the Dolbeault operators of the complex manifold. The Riemann surface Σ
endowed with the curvature of the line bundle is naturally a Kahler manifold with a globally
defined Kahler potential K = log h. Isomorphism classes of line bundles over a compact
Riemann surface are in correspondence modulo linear equivalence with the divisors of the
surface
D =
d∑
i=1
nipi, (3.9)
where pi ∈ Σ and ni are integers. From the physical point of view, D describes the
magnetic background in which the electron moves. We demand this divisor to be effective,
namely with ni > 0. Since the electrons are particles with spin, in this discussion we have
also to endow the line bundle with a spin structure. This is associated with a divisor S on
the Riemann surface such that 2S = K, where K is in the canonical divisor of Σ. The divisor
identifying the twisted line bundle is the sum D + S and is unique up to linear equivalence.
The vacuum wave functions satisfy Dz¯φ = 0 and so we have the definition
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HΦ,1part. = Γ(Σ,O(D + S)), dim HΦ,1part. = deg L(D + S) =
Φ
2π
, (3.10)
where HΦ,1part. is the lowest Landau level and Γ(Σ,O(D+S)) is the space of holomorphic
sections of the twisted line bundle L(D+ S). It is convenient to pick an even spin structure
with dim Γ(Σ,L(S)) = 0 associated to a divisor S =
∑g
ℓ=1 rℓ − q, where rℓ, q are distinct
points on the Riemann surface which satisfy
∑g
ℓ=1 2rℓ − K = 2q. The choice of rℓ does
not affect the discussion and we can translate them as we prefer. The divisor D + S has a
defining meromorphic section ψ0 with zeros of order ni at pi, simple zeros at rℓ and a simple
pole at q. The map ψ → ψ/ψ0 = φ provides a canonical identification
HΦ,1part. ≡ Γ
(
E,O(D + S)
) ∼
−→
∼
−→
{
φ ∈ Γ(Σ,M ) with polar divisor D∞ ≤ D +
∑
ℓ
rℓ vanishing at q
}
,
(3.11)
where Γ(Σ,M ) is the space of meromorphic functions on Σ. Then, let zi be a local
parameter at pi ∈ Σ and PPp(φ) the principal of the meromorphic function φ at p ∈ Σ. The
map
φ 7−→
{
zn11 PPp1(φ), z
n2
2 PPp2(φ), · · · , z
nd
d PPpd(φ)
}
(3.12)
defines a linear isomorphism between the lowest Landaul level and the complex algebra
HΦ,1part.
∼
−→
d∏
i=1
C[z]
/
(zni). (3.13)
In order to get the Hilbert space HΦ of the N -electron system we simply need to take
the antisymmetric tensor product of the single particle space
HΦ =
N∧
Γ(Σ,L(D + S)), dim HΦ =
(
Φ/2π
N
)
. (3.14)
It is manifest by 3.13 that the Hilbert spaces HΦ associated to Riemann surfaces of
different genera are all isomorphic to each other.
3.2 N = 4 Supersymmetric Description
Generalizing the proof of [4], one can show that the effective Hilbert space HΦ is isomorphic
to the vacuum space of a certain N = 4 supersymmetric model. A theory in supersymmetric
quantum mechanics with four supercharges is specified by the choice of a Kahler potential
K and an holomorphic superpotential W [11]. Once the topology of the Riemann surface
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is fixed, the choice of the Kahler metric does not affect the structure of the vacua, which
depends only on the superpotential. Hence, we can choose K = log h as globally defined
Kahler potential on the Riemann surface. The number of vacua is given by the Witten index,
which is equal to the number of zeros of the 1-form dW counted with multiplicitly [11].
In order to compare this description with the previous one we choose as target space the
manifold K = Σ \ supp F , where F is an effective divisor on Σ. As we discussed above, a
divisor identifies up to linear equivalence a line bundle with its set of holomorphic sections.
However, for a linear combination of points on the Riemann surface one can associate also a
N = 4 supersymmetric system. Given an effective divisor D =
∑
i nipi, we assign a closed
meromorphic 1-form dW on Σ with zeros in pi of order ni. The polar divisor of W
′(z) is
given by F ∼ D. To make precise the correspondence between the two descriptions, we set
rℓ ∈ supp F so that rℓ 6∈ K. By consistency we should have deg(F ) = deg(D) > g. The
chiral ring R of the LG model is defined as [11]
R = Γ(K,OK)/Γ(K,JW ), (3.15)
where OK is the space of holomorphic functions on K and JW ⊂ OK is the Jacobian ideal
generated by ∂zW . By the chinese remainder theory we have
R ∼=
d∏
i=1
C[z]
/
(zni). (3.16)
Comparing with 3.13 we get an isomorphism of vector spaces
HΦ,1part. ∼= R, HΦ ∼=
∧N
R. (3.17)
An explicit realization is provided by the map
ψ
ψ0
→
ψ
ψ0
W ′ = O ∈ R. (3.18)
On the other hand, we also have a linear isomorphism between R and the space of
SUSY vacua V [11]. The ground states can be written in Schroedinger representation as
L2-differential forms on K
ψSUSY = Odz +Q(....), (3.19)
where Q = ∂¯ + dW∧ is a SUSY charge. The vacuum space is isomorphic to the Q-
cohomology with L2 coefficients, whose classes are labelled by the chiral operators O ∈ R.
Composing 3.18 and 3.19 we have an isomorphism between the low-lying states of the two
quantum systems
HΦ,1part.
∼
−→ V, HΦ
∼
−→ VΦ,N =
N∧
V. (3.20)
21
3.3 The Vafa Superpotential
Under the isomorphism constructed above, the effective Hamiltonian Heff = PΦHPΦ is
mapped to some Hamiltonian
H˜ = HW +Hsu.br (3.21)
where HW is a N = 4 supersymmetric Hamiltonian and Hsu.br contains the SUSY break-
ing interactions. Let us first discuss the supersymmetric part. The choice of the Kahler
potential has no influence on the IR dynamics of the quantum system. What is relevant for
monodromy considerations is the 1-form dW. This should be a meromorphic differential on
KN invariant under permutation of the electron coordinates. Under the projection KN → Ki
on the target space of the i-th electron, dW reduces to a meromorphic 1-form dU with polar
divisor
F˜ = F +
∑
j 6=i
njqj , nj > 0, (3.22)
where qj denote the fixed positions of the other electrons. We choose a divisor F of the
form
F =
Φ/2π−h∑
k=1
ζk +
h∑
a=1
xa. (3.23)
We have two types of topological defects. The ζk form a regular distribution on Σ which
mimics the constant macroscopically uniform magnetic field. The compatibility with the
Hermitian structure of HΦ requires to choose the residues of dU at the ζk to be ±1, where
the two possibilities are related by a change of orientation [4]. Here we fix the conventions
such that the residues are equal to −1. A small number h of quasi-holes are inserted on K at
positions xa. These are modelled by simple poles of residue +1. As we introduce the quasi-
holes in the system, there is a small mismatch between the dimension of the lowest Landau
level and the effective magnetic flux. The differential dU describes also the supersymmetric
part of the interaction between the i-th electron and the other ones. An electron of fixed
position is equivalent to a hole. Thus, dU should contain simple poles at qj (i.e. nj = 1)
with equal residues by permutation symmetry.
We have enough informations to constraint the form of dW. Let E(p, q) be the prime form of
the Riemann surface for two points p, q ∈ K. Then let zi, i = 1, ..., N be the local coordinates
of the electrons on the target manifold KN . The 1-form dW which defines the higher genus
generalization of the Vafa LG model should be a meromorphic differential of the form
dW =
N∑
i=1
(
µ+
∑
a
U(zi, xa)−
∑
k
U(zi, ζk) + 2β
∑
j 6=i
U(zi, zj)
)
dzi, (3.24)
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where
U(z, w) =
E ′(z, w)
E(z, w)
. (3.25)
As function of the position zi of the i-th electron, the meromorphic function
U(zi; xa, ζk, zj) = µ+
∑
a
U(zi, xa)−
∑
k
U(zi, ζk) + 2β
∑
j 6=i
U(zi, zj) (3.26)
has the form of 2d electrostatic field of a system of point charges on Σ superimposed to a
constant background field µ. This coupling is an integration constant which regularizes the
superpotential at infinity in the planar case. On compact Riemann surfaces of genus g ≥ 1
we do not have escaping vacua at infinity in the limit µ → 0. Thus, we could simply take
µ = 0 without affecting the Witten index of the theory and the monodromy representation.
Despite this, since the tt∗ monodromy representation does not depend on the choice of µ
and we want to recover the properly regularized superpotential as we take the planar limit,
we keep µ ∈ C×. Since U(zi; xa, ζk, zj) should be a meromorphic function on K, the size of
the Coulomb repulsion β must be fixed such that the sum of residues vanishes. We have
0 = −
(
Φ
2π
− h
)
+ h+ 2β(N − 1) ≈ (2βν − 1)
Φ
2π
, (3.27)
where in the last equality we have used N,Φ≫ 1 and the relation N = ν Φ/2π. Hence,
we obtain the quantization condition
2β = 1/ν ∈ Q>0 (3.28)
which is the coupling given in [1]. We observe that, differently form the genus 0 case,
once we fixed the residues of the poles of dW for a given number d = Φ/2π of topological
defects and filling fraction ν, the Vafa Hamiltonian is defined on Riemann surfaces of higher
genus only for N = νd.
3.4 Topological Degeneracy
The Hamiltonian Hsu.br. contains the SUSY breaking interactions of the full Hamiltonian H˜ .
While the Vafa Hamiltonian is of order O(B), the SUSY breaking piece is of order O(1) and
so a small pertutrbation for large magnetic fields. However, we are not allowed to neglect it
when we study the topological order of FQHE. Indeed, Hsu.br. should lift the huge deneracy of
the ground state of HW leaving only the topological vacuum. Let us first recall the situation
in the case of the complex plane. The fermionic zero energy states of the Vafa Hamiltonian
with N electrons and d punctures generate a vacuum bundle over the space of couplings Cd
entering in the superpotential
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Vd,N → Cd, rank Vd,N =
(
d
N
)
, N = νd. (3.29)
The vacuum bundle is equipped with the tt∗ Berry connection D = d+A, which describes
the unitary time evolution of the quantum system. The tt∗ equations in the UV limit of the
N = (2, 2) version of the model requires D to be meromorphic and flat, i.e.
∂¯A = 0, D2 = 0. (3.30)
The UV Berry connection provides the ground state Vd,N with the structure of a unitary
monodromy representation of Cd
ρν,d : π1(Cd)→ End(Vd,N) (3.31)
which captures the quantum topological order ofHW . As we switch on the SUSY breaking
Hamiltonian, the degeneracy of zero energy states is lifted and the ground state decomposes
into eigenspaces of the full Hamiltonian H˜ . In particular, Hsu.br. selects a unique state which
corresponds to the topological vacuum of FQHE on the complex plane. As argued in [4], as
long as Hsu.br. is invariant under permutations of electrons and topological defects of equal
charge, its eigenspaces must be subrepresentations of ρν,d(π1(Cd)). Therefore, the tt
∗ con-
nection D can capture the topological order of the full Hamiltonian as well. By consistency,
ρν,d must be reducible with in particular an invariant subbundle of rank 1. The fiber of this
line bundle is spanned by the maximally symmetric state of Vd,N with respect to arbitrary
permutations of the punctures. Such preferred ground state corresponds to the unique topo-
logical vacuum of FQHE on the plane and its existence has been cheked in [4]. Since the
assumptions on Hsu.br. are independent from the details of the interactions, the conclusion
of the argument is that the Vafa N = 4 SUSY Hamiltonian represents a topological univer-
sality class which contains any Hamiltonian describing the motion of electrons in a strong
magnetic field.
Analogously to the Vafa Hamiltonian, any representative Hsu.br. of the universality class
should admit an higher genus generalization. Besides preserving the indistinguishability of
the electrons, the necessary condition that the full Hamiltonian H˜ should satisfy to have a
4-SUSY uplift is the following: its space of couplings should match the tt∗ one [4]. This is
in general a very restrictive property, since the tt∗ space of couplings must be a complex
analytic space with globally defined Kahler potential and a Frobenious structure [25]. Thus,
it is very remarkable that the space of essential parameters of FQHE satisfies these pecu-
liar conditions. The manifold of couplings entering in W is the moduli space of complex
structures Pg,d of a Riemann surface Σg,d of genus g with d punctures. This space has the
structure of an orbifold
Pg,d = Tg,d/Mg,d (3.32)
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where Tg,d is the Teichmuller space and the orbifold fundamental group Mg,d is the
mapping class group (see [26] for an introduction). A point of Tg,d identifies an isomorphism
class of Riemann surfaces Σg,d related by an holomorphic diffeomorphism f ∈ Diff0 (Σg,d)
isotopic to the identity. The mapping class group is defined as the group of isotopy classes
of orientation-preserving diffeomorphisms
Mg,d = Diff
+ (Σg,d) /Diff0 (Σg,d) = π0
(
Diff+ (Σg,d)
)
, (3.33)
where Diff+ (Σg,d) is the space of holomorphic diffeomorphisms which preserve the orien-
tation. We have a chain of canonical inclusions
M0,d
ι0,d
−−→M1,d
ι1,d
−−→ · · ·
ιg−1,d
−−−→Mg,d
ιg,d
−−→Mg+1,d
ιg+1,d
−−−→ · · · (3.34)
where ιg,d are injective homomorphisms. If we want to classify punctured Riemann sur-
faces Σg,d up to strict equivalence we should consider Pg,d as the actual manifold of couplings.
This space is described at genus g ≥ 2 by 3g−3+d complex parameters, while in the case of
the torus we have d+1 moduli. In the planar case the moduli space of complex structures is
just the configuration space of d ordered points on C modulo permutations of the ones with
equal charge.
The topological universality class represented by the N -particle Vafa Hamiltonian is a func-
tor which associates to any Riemann surface Σg,d an Hilbert space Vd,N endowed with the
structure of a unitary monodromy representation of Mg,d
ρν,g,d :Mg,d → End(Vd,N). (3.35)
These representations are generated by parallel transport with the tt∗ flat connection and
satisfy the functorial induction and restriction relations
ρν,g,d(Mg,d)
ι∗
g,d
−−→ ρν,g+1,d(Mg+1,d), ρν,g+1,d(Mg,d) = ρν,g,d(Mg,d), (3.36)
where ι∗g,d is an injective homomorphism induced by ιg,d. The class of monodromy rep-
resentations 3.35 defines the underlying 3d topological quantum field theory of the Vafa
universality class. The analysis of [4] for the g = 0 case shows that the topological order
of HW for a given ν is captured by the SU(2) Chern-Simons theory at the corresponding
integral level κ. Thus, the Vafa LG model must define the same tower of monodromy repre-
sentations. Any topological defect in the spectrum of the SU(2) Chern-Simons theory carries
some spin k/2 ∈ 1
2
N degree of freedom and is associated to the corresponding representation
V k ≃ Ck+1 of su(2). We can generalize the construction of section 2.5 and define the Grand
bundle of Q-conformal blocks over moduli spaces
Vk1,...,kdg,d → Pg,d, rank V
k1,...,kd
g,d =
d∏
j=1
(kj + 1) (3.37)
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with fiber the tensor product space
V k1,...,kd = V k1 ⊗ · · · ⊗ V kd. (3.38)
The Gran bundles Vk1,...,kdg,d are equipped with the higher genus generalization of the
Knizhnik-Zamolodchikov connection, also known as the Knizhnik-Zamolodchikov-Bernard
connection. The detailed construction of this connection on generic Riemann surfaces can
be found in [15]. The non-normalized tt∗ brane amplitudes Ψ form in the UV limit a local
basis of holomorphic sections of Vk1,...,kdg,d satisfying the Knizhnik-Zamolodchikov-Bernard
equations, which we can write schematically as
(
∂wj + λHj
)
Ψ = 0,
(
∂τµ + λHµ
)
Ψ = 0, λ = ±
2
κ + 2
, κ ∈ Z, (3.39)
where wj, j = 1, ..., d denote the position of the punctures ζk, xa and τµ are the extra
moduli on Pg,d (µ = 1, ..., 3g − 3 for g ≥ 2 and µ = 1 for g = 1). In genus 0 the couplings
are just the wj and the operators Hj reduce to the Gaudin Hamiltonians entering in the KZ
equations
Hg=0j =
∑
i 6=j
sℓis
ℓ
j
wi − wj
. (3.40)
The components of the connection satisfy the integrability conditions
[∂j + λHj, ∂k + λHk] = [∂j + λHj , ∂µ + λHµ] = [∂µ + λHµ, ∂ν + λHν ] = 0, (3.41)
which guarantee the flatness of D as demanded by the UV tt∗ equations 3.30. By parallel
transport with the KZB connection, the vector spaces V k1 ⊗ · · · ⊗ V kd form a collection
of monodromy representations of Mg,d. The KZB equations have been derived in [13] for
the torus and in [14] for generic Riemann surfaces. They are known to be the system of
isomonodromic PDEs satisfied by the conformal blocks of the SU(2) WZW model at level
κ. As argued in [4], this CFT plays the role of Q-theory of edge modes for the quantum Hall
states.
The minimal topological defect is associated with the fundamental representation V 1 ≃ C2
of SU(2). As explained in section 2.5, a quasi-hole in the spin up/down state corresponds
to an occupied/empty single particle vacuum. In particular, the angular momentum L3 is
related to the particle number operator by L3 = Nˆ − d/2. It is clear that the monodromy
representation V1,...,1g,d must be reducible and any subbundle V
1,...,1
g,d,N with definite number of
particles must be preserved by parallel transport with the tt∗ connection. The corresponding
fiber
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Vd,N ⊂ V
1 ⊗ · · · ⊗ V 1, dim Vd,N =
(
d
N
)
(3.42)
is an eigenspace of L3 with eigenvaluem = N−d/2. We remark that only the eigenbundles
with N = νd for the allowed values of ν can play the role of vacuum bundle for some Vafa
LG model. As we switch on the SUSY breaking interactions Hsu.br, the degeneracy of ground
states of Vd,N is partially lifted and we remain with the topological vacuum V
vac
g,ν of FQHE
at given g and ν = N/d. Since it is an uplift of the Vafa Hamiltonian, the topological
order of H˜ must be captured by the tt∗ flat connection. It follows that the monodromy
subrepresentation V1,...,1g,d,N of D must be further reducible, with a invariant subbundle V
vac
g,ν
whose fiber corresponds to V vacg,ν . The rank of this preferred subbundle defines the topological
degeneracy of the quantum Hall state as function of the filling fraction ν and the genus g
of the Riemann surface. This must be the same of the SU(2) Chern-Simons theory and is
computed by the Verlinde formula [12]
rank Vvacg,ν =
(
κ + 2
2
)g−1 κ∑
n=0
(
sin
(n+ 1)π
κ + 2
)2(1−g)
, g ≥ 1, (3.43)
where the correspondence between the level κ and the filling fraction ν is provided by
1.10 and 1.11.
4 Conclusions
In this paper we extended the analysis made in [4] of the Vafa N = 4 SUSY model of
FQHE. The Vafa Hamiltonian represents a topological universality class whose underlying
topological quantum field theory is the SU(2) Chern-Simons theory. This provides all the
topological invariants which characterize the topological order of FQHE. The main exam-
ples are the braiding properties of anyonic particles, which are described by the Knizhnik-
Zamolodchikov connection, and the topological degeneracy of the ground state which is given
by the Verlinde formula. In principle the Vafa Hamiltonian should represent the topological
universality class of Hamiltonians describing the dynamics of electrons coupled to a strong
magnetic field. It would be interesting to verify if the experimentally observed quantum Hall
states may be classified and described according to this construction.
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